Abstract. A Mackey type decomposition for group actions on abelian categories is described. This allows us to define new Mackey functors which associates to any subgroup the K-theory of the corresponding equivariantized abelian category. In the case of an action by tensor autoequivalences the Mackey functor at the level of Grothendieck rings has a Green functor structure. As an application we give a description of the Grothendieck rings of equivariantized fusion categories under group actions by tensor autoequivalences on graded fusion categories.
Introduction and Main Results
A Mackey functor or (a G-functor) is a family {a(K)} K≤G of abelian groups equipped with three types of maps: induction, conjugation, and restriction, satisfying some certain compatibility axioms, see for example [12] . Typical examples, include among others, the cohomology groups {H n (K, M)} K≤G and the character rings {R(K)} K≤G are both G-functors.
It is shown in [14, 17, 2] that the class group of the ring of integers of the fixed field {k H } H≤G where G is a group of automorphisms of a number field k is a Mackey functor. In a somehow different direction, these results were extended in [13] by showing that {K i (S H )} H≤G is a G-functor, whenever R ⊆ S is a Galois extension of commutative rings with Galois group G.
If C is a tensor category and G acts by tensor autoequivalences then the {K 0 (C H )} H≤G is a Green functor.
Let G be a finite group acting on the abelian category C. For any subgroup H of G the left adjoint functor of the forgetful functor Res G H : C G → C H was recently described in [5] . This functor is denoted by Ind G H : C H → C G and can be regarded as a generalization of the induction functor from Rep(H) to Rep(G).
Our first main result is the following: Theorem 1.1. Let G be a finite group acting on the abelian category C. Then for all i ≥ 0 the association H → K i (C H ) defines a Mackey functor M i with the following structure maps:
the map induced by the forgetful functor Res
H K : C H → C K and (2) Induction I H K : K i (C H ) → K i (C K ) is
the map induced by the induction functor Ind
H K : C K → C H , (3) Conjugation c H,x : K i (C H ) → K i (C x H )
is the map induced by the functor
If C is a tensor category over a fixed field k and the action of G on C is by tensor autoequivalences then we show that for i = 0 the above Mackey functor M 0 is in fact a Green functor. Theorem 1.2. Let C be a tensor category over a fixed field k and G a finite group acting on C by tensor autoequivalences. Then H → K 0 (C H ) defines a Green functor on G over k.
The proof of the above results uses a Mackey type decomposition for the above induced functor when restricted to various subgroups: The last section of this paper is concerned with the structure of the Grothendieck rings of equivariantized fusion categories under certain group actions. These actions are called in the paper coherent actions since they respect a certain natural compatibility with the grading of the fusion category. We show that under a coherent action the Grothendieck group of an equivariantization has the structure of the rings introduced in [20] . These rings are also considered in [3] as Green rings obtained from Dress construction from other given Green rings. Examples include, among others, the crossed Burnside rings, the Hochschild cohomology rings of crossed products, and the Grothendieck rings of (twisted) Drinfeld double of finite groups. Using Theorem 1.2 it is shown in this paper that the Grothendieck ring of the Drinfeld center of any fusion category has this structure. This paper is organized as follows. Section 2 recalls some basic results on abelian categories and group actions on them. The construction of the adjoint functor Ind G H mentioned above is recalled in this section. In Section 3 the proof of the main Theorem 1.3 is presented. Section 4 is devoted to the proof of Theorem 1.1 and Theorem 1.2. In this section we recall the definition of G-functors and Green functors. Last section is devoted to the study of the Grothendieck rings of equivariantizations of graded fusion categories. Coherent group actions on graded fusion categories are introduced in this section. In Proposition 5.13 we give a new description for the simple objects of an equivariantization under a coherent group action, generalizing results of [9, Proposition 2.7] . In this section we also recall the ring structures introduced in [20] and prove that the Grothendieck groups of equivariantizations under coherent actions has this type of structure.
Group actions on categories
2.1. Tensor categories.
2.1.1. k-linear categories. Fix a commutative ring k. Recall that a klinear category is an abelian category in which the hom-sets are k-vector spaces, the compositions are k-bilinear. A k-linear functor between klinear categories is a functor which is linear on all hom-spaces.
Recall that an essentially small k-linear category is said to be locally finite [7] if for any two objects X, Y ∈ C, the space Hom C (X, Y ) is finite dimensional and every object in C has finite length.
Tensor categories.
Let C be a k-linear rigid monoidal category. Then C is called a tensor category over k if the tensor bifunctor is bilinear on morphisms and End(1) = k (see [8] ).
Tensor functors and natural tensor transformations.
Recall that a unitary tensor functor F : C → D between two tensor categories is a k-linear functor F together with a natural transformation F 2 : F (− ⊗ −) → F (−) ⊗ F (−) satisfying several compatibility axioms (see for example [8] ).
In particular the naturally of F 2 with respect to the morphisms can be written as
A natural tensor transformation τ : F → G between two tensor functors is a natural transformation satisfying the following compatibility condition:
for any objects M, N ∈ C.
Fusion categories.
Let k be an algebraically closed field. A fusion category over k is a rigid semisimple k-linear tensor category C with finitely many simple objects and finite dimensional spaces of morphisms such that the unit object of C is simple.
2.2.
Group actions on abelian categories. Let C be an abelian category. Denote by Aut(C) the category whose objects are exact autoequivalences of C and morphisms are natural transformations between them. Then Aut(C) is a monoidal category where the tensor product is defined as the composition of autoequivalences.
For a finite group G let Cat(G) denote the monoidal category whose objects are elements of G, the only morphisms are the identities, and the tensor product is given by multiplication in G.
An action of a finite group G on C consists of a unitary monoidal functor T : Cat(G) → Aut(C). Thus, for every g ∈ G, we have a functor T g : C → C and a collection of natural isomorphisms
:
which give the tensor structure of G. The tensor unit of T is denoted by T 0 : id C → T 1 where 1 ∈ G is the unit of the group G.
By the definition of the tensor functor, the tensor structure T 2 satisfies the following conditions:
for all objects M ∈ C, and for all g, h, l ∈ G. See [6, Subsection 4.1] . Note that by the naturality of T g,h 2 , g, h ∈ G, can be written as (2.6)
We shall assume in what follows that
are also identities. We say that G acts k-linearly on the k-linear category C if T g is a k-linear autoequivalence for any g ∈ G.
Example 2.7. Suppose that G acts as a ring automorphisms on a kalgebra S. Then G acts on S-mod via the following action:
On the equivariantized category. Suppose that G acts on the abelian category C. Let C G denote the corresponding equivariantized category. Recall that C G is an abelian category whose objects are G-equivariant objects of C. They consist of pairs (M, µ), where M is an object of C and µ = (µ
Note that the equivariant structure µ is not necessarily unique.
It is easy to verify that in the case of the previous example one has that (S-mod) G ≃ S#kG-mod, the category of S#kG-modules.
Induction functors as left adjoints of restriction functors.
Suppose that a finite group G acts on the abelian category C and let H ≤ G be a subgroup. Let R be a set of representative elements for the left cosets of H in G. Thus one can write G as a disjoint union
where for all g ∈ G the equivariant structure of
Here the elements h ∈ H and s ∈ R are uniquely determined by the relation gt = sh.
Note that the proof of [5, Proposition 2.9] works in any abelian category, therefore Ind 
2.5.
Action by tensor equivalences. Suppose that C is a tensor category over k and consider Aut ⊗ (C) the full subcategory of Aut(C) consisting of k-linear tensor autoequivalences of C.
Let T : G → Aut ⊗ C be an action of G on C by tensor autoequivalences, that is, T g is a tensor auto equivalence for all g ∈ G. Thus T g is endowed with a monoidal structure (T
: T g T h → T gh are natural isomorphisms of tensor functors, for all g, h ∈ G. Thus, for all g, h ∈ G and M, N ∈ C the following relation holds:
3. Proof of Theorem 1.3
Proposition 3.1. Let G be a finite group acting on the abelian category C. Let H be any subgroup of G and
Proof. It is enough to verify Equation (2.8) which is equivalent to the diagram made of solid arrows below being commutative. Note that compatibility conditions (2.4)-(2.8) of the action of G imply the commutativity diagram after inserting the dashed arrows. Indeed, the bottom right trapeze (5) is commutative by applying T x to the equivariantized condition (2.4) for V ∈ C H . The adjacent trapeze (6) is commutative by the naturallity of T x,h 2 with respect to the morphism µ l V . The rectangle (4) is commutative due to the associativity of the action, Equation (2.4). The parallelogram (2) is commutative due to the associativity of the action, Equation (2.4). Diagram (3) is commutative due to the naturallity of the natural transformation
with respect to the morphism T l (V ) (1) is commutative due to the associativity of the action, Equation (2.4).
T xhlx
3.1. Proof of Theorem 1.3. We are now ready to give a proof for Theorem 1.3.
where the equivariant structure is given on components
Since G = ⊔ x∈D KxH formula (2.11) for induced objects becomes
For any x ∈ D let (3.6)
Using formula (2.12) it can be easily verified that the induced equi-
It follows that M x := (V x , ν| K ) ∈ C K and then one can write
Then it is enough to show that for all x ∈ D one has
Note that there is a bijection between the following sets of left cosets
This enables us to write
On the other hand using formula (2.11) it follows that
It will be shown that
is a morphism in C K . In order to do this it remains o check that the morphism
is compatible with the two equivariant structures of the objects
Suppose that l ∈ K and a, b
Using again formula (2.11) the equivalent structure ν of M ′ x on the component T a (V ) from Equation (3.13) is given on components by
On the other hand the equivariant structure ν l,a of M x on the component T ax (V ) from Equation (3.10) has the following formula
Using the compatibility properties for the action of G it is easy to verify that these two equivariant structures coincide under (T a,x 2 ) V , i.e. the following diagram commutes.
The bottom rectangle is commutative by the naturally of T b,x 2 with respect to the morphsims, Equation (2.6). The above rectangle is commutative due to Equation (2.4), the associativity of the action. The upper left diagram is commutative by the same reason. The upper right trapeze is commutative by associativity of the action, Equation (2.4).
Remark 3.15. Note that Rep(G) can be regarded as the equivariantization Vec
G of the trivial action of G on C = Vec, [8] . In this case the previous theorem recovers the usual Mackey decomposition for representations of finite groups.
G -functors associated to equivariantizations
This section is devoted to the the proof of Theorem 1.1.
Lemma 4.1. Let G be a finite group acting on the abelian category C. Suppose that A and B are two subgroups of G. Then the following identities hold for any x ∈ G:
Proof. The first identity is straightforward. We will verify the second identity.
Let R be a set of representative elements for the left cosets A/B.
B . Then using formula (2.12) it follows that
a is defined on the components as follows (4.5)
where r ′ ∈ R and b ∈ B are determined by ar = r ′ b. On the other hand, using Proposition 3.1 as an object of C x A one has that
) with the equivariant structure x ν given on the components by:
On the other hand note that
since xRx −1 is a set of representative for the left cosets of x A/ x B. Using again formula (2.12) it follows that the equivariant structure of Ind
x (M) on the components is given as follows:
Define the natural transformation
It will be shown that F is an isomorphism, i.e. (4.8)
is an isomorphism in C x A for any M ∈ C B . Indeed, one has to verify that the above morphism F M is compatible with the two equivariant structures defined above. This means that the following diagram:
is commutative. On the components the above diagram becomes the following:
Note that diagrams (1) − (6) are commutativity by the associativity of the action, Equation (2.4). The bottom two rectangles are commutative since T 
for any two objects M, N ∈ C x A . Therefore T x is a tensor isomorphism between C A and C x A .
Proof. One has to check that the tensor structure (T
x A one has to check the commutativity of the following digram:
The upper pentagon (1) is commutative since T
is a natural transformation of tensor functors, Equation (2.13). The middle pentagon (2) is commutative since T x,a 2 is a natural transformation of tensor functors, same Equation (2.13). The bottom rectangle commutes from the compatibility condition of the tensor functor T x with the tensor product of morphisms, Equation (2.1).
4.1. G-functors. Let G be a finite group. A Mackey functor (or a Gfunctor) over a ring R is a collection of R-modules {a(H)} H≤G together with morphisms I (M1) R
(M4) For any subgroups K, H ≤ G the following Mackey relation is satisfied:
Moreover, a Green functor over a commutative ring R, is a G-functor a such that for any subgroup H of G one has that a(H) is an associative R-algebra with identity and satisfying the following: (G1) R K H and c H,g are always unitary R-algebra homomorphisms, 
Proof of Theorem 1.1.
Proof. Similarly to [13] we use the following elementary facts about K-theory (see [16] ): If F 1 and F 2 are isomorphic exact functors on an exact category, then they induce the same map on K-theory; and if F 1 and F 2 are exact functors on an exact category inducing homomorphisms f 1 and f 2 on K-groups, then the functor F 1 ⊕ F 2 induces the homomorphism f 1 + f 2 . Now identities (M1) -(M4) follow from their functorial counterpart proven in the previous section.
For example, the identity (M2) follows from the equality Ind 
Then for any objects M ∈ O(D) and N ∈ O(E) one has the canonical isomorphism in
Proof. It can be shown by a straightforward computation that (4.14) Hom C (I 1 (M) ⊗ I 2 (N), P ) ≃ Hom C (I 2 (F 2 (I 1 (M)) ⊗ N), P ) for any object P ∈ C. Indeed,
Then Yoneda's lemma implies the conclusion.
In particular for E = C and F 2 = I 2 = id C one obtains that (4.15)
for any objects M ∈ D and V ∈ C.
Proof of Theorem 1.2. Note that the multiplicative relations (G2) and (G3) follow from Proposition 4.12.

Example 4.16. Suppose that R ⊂ S is a Galois extension of rings with Galois Group G. Then as before G acts on the category S-mod and (S-mod )
G ≃ S#ZG-mod. Since S G is Morita equivalent to S#ZG and the K -theory is preserved by Morita equivalence it follows that our results extends the results from [13] .
Coherent group actions on graded fusion categories
Let C be a graded fusion category by a finite group G. Recall that this means that C = ⊕ g∈G C g as abelian categories, and the tensor functor ⊗ : C × C → C sends C g ⊗ C h into C gh . For an object V ∈ C define by V g the homogenous component of V of degree g from the above grading.
Suppose further that another finite group F acts by group automorphisms on G. Suppose that F also acts by tensor automorphisms on the category C via the action T : F → Aut ⊗ (C) given by x → T x : C → C.
Definition 5.
1. An action of a finite group F on the G-graded fusion category C is called coherent with respect to the action of F on G if
for all x ∈ F and g ∈ G.
Proposition 5.3. Suppose that a finite group F acts by tensor automorphisms on a G-graded fusion category C via the action T : F → Aut ⊗ (C) given by x → T x : C → C. Suppose further that C 1 is stable under the action of F . Then there is an action of F on G by group automorphisms such that the action of F on C is coherent with respect to this action.
Proof. Let V, W ∈ C g and suppose that T x (V ) ∈ C g 1 and
x g := g 1 then it is easy to check that this defines an action of F on G by group automorphisms.
5.1.
Examples of coherent actions of groups and their equivariantized categories. In this subsection we give some examples of coherent group actions on fusion categories.
Example 5.4. Braided G-crossed categories. Recall [19] that a braided G-crossed fusion category is a quadruple (C, G, T, c), where G is a finite group, C is a tensor category with a (not necessarily faithful) G-grading
⊗ X for all X ∈ C g and Y ∈ C. The compatibility conditions that have to be satisfied by this datum can be found for example in [19, 6] . Note that in this case F = G acts coherently on C with respect to the action of G on itself given by conjugation. Here p g ∈ k G is the dual basis of group element basis g ∈ G.
Cocentral extensions of semisimple Hopf algebras.
Suppose that we have a cocentral extension of Hopf algebras
Recall that this means the above sequence is exact [18] and kF * ⊂ Z(H * ) via π * . On the other hand, using the reconstruction theorem from [1] it follows that H ≃ B τ # σ kF for some cocycle σ : B⊗B → kF and some dual cocycle τ : kF → B ⊗ B satisfying certain compatibility axioms. In this case there is a weak action of F on B denoted by f.b such that the multiplication and comultiplication on H become
and respectively Proof. First it will be shown that F acts on G by group automorphisms. In order to do this we show that F acts on K(B) = kG * by Hopf automorphisms.
Note that if b ∈ K(B) then f.b ∈ K(B) where "." represents the weak action of F on B from above. Indeed f.b ∈ Z(B) since F acts by algebra automorhisms on B. On the other hand using formula (A) from [1, Section 2] it follows that
is a central Hopf subalgebra of B. Thus F.K(B) ⊆ K(B) and F acts by Hopf algebra automorphisms on K(B). This implies that there is an action of F on G such that the action of F on K(B) = kG * is given by x.p g = p x g for all x ∈ F and g ∈ G.
Following [15, Proposition 3.5] it follows that F acts on the fusion category Rep(B) and Rep(H) = Rep(B)
F . Recall from [15] that for all x ∈ F the action is given by T x (M) = M as vector spaces with the action of B on T x (M) given by b.
In order to verify that the above action of F on Rep(B) is coherent with respect to this action one has to verify that if
). Using Equation (5.6) it follows that for any h ∈ G one has that p h .
Simple objects for equivariantizations of coherent actions.
In this subsection we investigate the simple objects of an equivariantization under a coherent action.
Suppose that F acts coherently on a G-graded fusion category C with respect to a given action of F on G. With the above notations note that the stabilizer F g of an element g ∈ G acts by k-linear automorphisms on the abelian subcategory C g of C. In particular one obtains in this way an action of F on the fusion subcategory C 1 of C. Note that this action on C 1 is by tensor automorphisms.
Lemma 5.12. With the above notations, suppose that
Note that the compatibility conditions from Equation (2.8) for an equivariantized object V ∈ C G implies that V g ∈ C Fg .
Let Γ be a set of representatives for the orbits of the action of F on the group G. For any g ∈ G let O(g) be the orbit of g under the action of F . Next proposition is a generalization of [9, Proposition 2.7].
Proposition 5.13. Suppose that F acts coherently on a G-graded fusion category C with respect to an action by group automorphisms on G. Then the set of simple objects of C F is parametrized by pairs (g, M) where g ∈ Γ and M ∈ C g Fg is a simple object. The simple object associated to the pair (g, M) is given by the induced object Ind
F is a simple object and let V = ⊕ g∈G V g with V g ∈ C g be its decomposition viewed as an object of C. If V g = 0 then T x (V g ) = V x g is also not zero and therefore ⊕ h∈O(g) V h is an equivariantized object of C F . Since V is a simple object it follows that V is supported only on one orbit, namely the orbit O(g) of g. Thus V = ⊕ h∈O(g) V h . Moreover it follows that V g ∈ C Conversely, to any pair (g, M) as above one associates the simple object Ind
We have to show that the above two constructions are one inverse to the other. It is easy to see that the component of order g of Ind Thus it remains to show that V ≃ Ind
F . This is equivalent with showing that 
Definition of S(g, M). Let M ∈ C
Fg be a simple object. Define by S(g, M) as the simple induced object Ind F Fg (M) ∈ C F from above. Thus as objects of C one has that S(g, M) := ⊕ r∈F/Fg T r (M) with the equivariant F -structure obtained from Equation (2.12).
by Proposition 3.1. The proof of previous theorem implies that:
for any x ∈ F , g ∈ G and M ∈ C 
where D is a set of representatives for the double cosets F h \F/F g .
Proof.
One has by definition S(g, M) = Ind F Fg (M). Applying formula (4.14) one has that
On the other hand applying Theorem 1.3 one has that
Then applying Equation (4.15) one obtains that
and therefore
which by definition coincides to ⊕ x∈D S( Proof. Remark that C F 1 is a tensor subcategory of C F consisting on those objects of C F supported only on C 1 . Define the functor F :
and
which shows that each C F h is a C 
5.5.
On the Grothendieck ring of an equivariantization under a coherent action. In this subsection we show that the Grothendieck ring of an equivariantization under a coherent action has the structure of a Green ring as introduced in [20] . Witherspoon and Bouc. In this subsection we recall the Green rings introduced in [20] .
On the rings introduced by
Let F be a finite group acting by group automoprphisms on another finite group G. Suppose that A = ⊕ g∈G A(g) is a graded vector space endowed with two linear structures: m g,h : A(g) ⊗ A(h) → A(gh) and c x,g : A(g) → A( x g) satisfying the following compatibilities: (C1) c 1 = id and c xy = c x c y where
Let A F := {a ∈ A | c x (a) = a for all x ∈ F } be the subspace of F -invariants elements of A.
(C5) For any g ∈ G and α, β, γ ∈ A F one has that
where the set T g is defined as follows. Note that the stabilizer subgroup
By (C1)-(C4) the left and right members of the previous equality do not depend on the chosen set T g of representative elements for the orbits of the action of F g on the above set. Define a multiplicative structure on A F given for α, β ∈ A F by
where the action of F g on G × G is diagonal. Then it is shown in [20] that under the conditions (C1)-(C4) the above multiplication on A F is associative if and only if condition (C5) is also satisfied. Moreover, this multiplication not depend on the choice of representative set T g . Theorem 5.23. Let F be a finite group acting coherently on a G-graded fusion category C with respect to a given action by group automorphisms of F on G. Then the Grothendieck ring of C G has the multiplicative structure of Equation (M).
Define also m g,h : A(g) × A(h) → A(gh) via the map m g,h from Equation (5.18). Then it is easy to verify that the compatibility conditions (C1), (C2) and (C4) from the previous subsection are satisfied. Condition (C3) is verified in the lemma below. Moreover it is clear that
] defines an inclusion of vector spaces.
Using the description of simple modules of equivariantization from [5] it follows that in fact K 0 (C F ) = A where r y ∈ F/F y gh is uniquely chosen such that ryy g ry h = x gh. One needs to show that the set {y ∈ D |O( y gh) = O( x gh)} has the same cardinality as the set [(O(g) × O(h)) ∩ {(a, b) ∈ G × G |ab = x gh}]/F x gh . In order to do this we construct a bijection between these two sets. If r g s h = x gh then send the orbit of the pair ( r g, s h) to the double coset F h s −1 rF g . Clearly this map is well defined. Conversely, define F h yF g → O(( ry g, r h)) where r is chosen such that r ( y gh) = x gh. It is easy to check that these two maps are one inverse to another. for all M ∈ C Fg and N ∈ C F h .
Proof. As objects of C one has that m g,h (M, N) = ⊕ r∈F gh /Fg ∩F h T r (M ⊗ N).
On the other hand
as objects of C. It can be checked directly that Therefore verifying that F is an isomorphism resumes to the commutativity of the following diagram (D1) made of solid arrows below. The commutativity of the bottom left rectangle of diagram (D1) follows from commutativity of diagram (D2). For shortness the maps in the diagrams are omitted but they are all uniquely determined from the group action of G on C.
Grothendieck rings of abelian cocentral extensions.
In [20, Theorem 4.8] it is shown that the Grothendieck rings G 0 (H) associated to abelian cocentral extensions have the multiplication structure given in Equation (M). Proposition 5.10 implies that the same result holds for any cocentral extension of semisimple Hopf algebras.
Remark 5.26. Note that compatibility condition (C2) is not stated in [20] on page 5 although it is stated as a property for Grothendieck groups of cocentral extensions on the last page of the paper.
5.5.3.
On the Grothendieck ring of the center of a fusion category. Suppose that C is a G-graded fusion category C = ⊕ g∈G C g . Then by [9, Theorem 4.1] its Drinfeld center Z(C) ≃ Z C 1 (C) G , the equivariantization of the relative center Z C 1 (C) by a certain action of the finite group G. Moreover [9, Theorem 3.2] shows that the relative center Z C 1 (C) is a G-crossed braided fusion category. In view of Example 5.4 one can apply Theorem 5.23. It follows that the Grothendieck ring of Z(C) has the ring structure described in Equation (M). Note that for the Grothendieck ring of a Drinfeld double of a semisimple Hopf algebra this description was already obtained in [4] .
